
Ïîíèìàåì ìàòåìàòèêó: ìàòðèöû

Îïðåäåëåíèÿ

Ìàòðèöà � ïðÿìîóãîëüíàÿ òàáëèöà ñ ÷èñëàìè (îáû÷íî âåùåñòâåííûìè èëè êîìïëåêñ-
íûìè).

A =


a11 a12 a13 . . . a1m
a21 a22 a23 . . . a2m
...

...
...

. . .
...

an1 an2 an3 . . . anm


Îïåðàöèè ñ ìàòðèöàìè:

� Ñëîæåíèå

� Óìíîæåíèå íà êîíñòàíòó

� Óìíîæåíèå íà ìàòðèöó

� Òðàíñïîíèðîâàíèå

Óòâåðæäåíèå 1. Ìàòðèöû ðàçìåðà n×n îáðàçóþò àññîöèàòèâíîå êîëüöî ñ åäèíèöåé

îòíîñèòåëüíî ìàòðè÷íîãî ñëîæåíèÿ è óìíîæåíèÿ.

Îïðåäåëåíèå. Îïðåäåëèòåëü ìàòðèöû A ðàçìåðà n× n îïðåäåëÿåòñÿ ðåêóðñèâíî:

detA =
n∑
k=1

(−1)k−1 · a1k · detA1k,

ãäå A1k � ìàòðèöà ðàçìåðà (n− 1)× (n− 1), ïîëó÷åííàÿ èç A óäàëåíèåì ïåðâîé ñòðîêè
è k-ãî ñòîëáöà.

Ñâîéñòâà îïðåäåëèòåëÿ ìàòðèöû:

� det(AB) = detA · detB;

� det(A−1) = 1
detA

;

� detA =
∏n

i=1 λi � ïðîèçâåäåíèå âñåõ n ñîáñòâåííûõ ÷èñåë ìàòðèöû.

Óòâåðæäåíèå 2. Ìàòðèöà A ðàçìåðà n × n îáðàòèìà òîãäà è òîëüêî òîãäà, êîãäà

detA 6= 0.

Àëãîðèòìû âû÷èñëåíèÿ îáðàòíîé ìàòðèöû çà O(n3):
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� Ìåòîä Ãàóññà.

� Ðàçëîæåíèå Õîëåöêîãî (äëÿ ìàòðèö êîâàðèàöèè).

� SVD-äåêîìïîçèöèÿ

� . . .

Ëó÷øèé (â ñìûñëå àñèìïòîòèêè) èçâåñòíûé àëãîðèòì îáðàùåíèÿ ìàòðèöû ðàáîòàåò
çà O(n2.3728639).

Ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå âåêòîðû ìàòðèöû

Îïðåäåëåíèå. Ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå âåêòîðû ìàòðèöû A � ýòî òàêèå λi
è ~vi, ÷òî

A~vi = λi~vi.

Ñâîéñòâà:

� ñîáñòâåííûå ÷èñëà � êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà χ(λ) = det(A−λI),
ñóùåñòâóåò íå áîëåå n êîìïëåêñíûõ λi;

� eig(AB) = eig(BA) (íàáîðû ñîáñòâåííûõ ÷èñåë ñîâïàäàþò);

� åñëè rkA = r, òî ó ìàòðèöû A íå áîëåå r íåíóëåâûõ ñîáñòâåííûõ ÷èñåë;

� åñëè A = AT , òî ìàòðèöà V , ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ, îðòîãîíàëüíà,
à âñå λi âåùåñòâåííûå;

� ñóììà äèàãîíàëüíûõ ýëåìåíòîâ (ñëåä ìàòðèöû) ðàâíà trA =
∑
λi.

Ìàòðè÷íûå ðàçëîæåíèÿ

LU-ðàçëîæåíèå (ñóùåñòâóåò, êîãäà âñå ãëàâíûå ìèíîðû ìàòðèöû A íåâûðîæäåíû):

A = LU,

ãäå L � íèæíåòðåóãîëüíàÿ ìàòðèöà, U � âåðõíåòðåóãîëüíàÿ ìàòðèöà.
Ðàçëîæåíèå Õîëåöêîãî (ñóùåñòâóåò äëÿ ñèììåòðè÷íûõ ïîëîæèòåëüíî îïðåäåë¼ííûõ

ìàòðèö):
A = UTU = LLT ,

ãäå U � âåðõíåòðåóãîëüíàÿ ìàòðèöà, êîòîðàÿ îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì.
Ñïåêòðàëüíîå ðàçëîæåíèå (ñóùåñòâóåò, êîãäà ó ìàòðèöû åñòü n ëèíåéíî íåçàâèñè-

ìûõ ñîáñòâåííûõ âåêòîðîâ):
A = V ΛV −1,

ãäå V � ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ, Λ = diag(eigA).
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SVD-äåêîìïîçèöèÿ

Òåîðåìà 1. Ëþáàÿ ìàòðèöà A ðàçìåðà n×m ìîæåò áûòü ïðåäñòàâëåíà â âèäå

A = UDV T ,

ãäå
U = ñîáñòâåííûå âåêòîðû ìàòðèöû AAT (n× n)

D =
√

diag
(
eig
(
AAT

))
(n×m)

V = ñîáñòâåííûå âåêòîðû ìàòðèöû ATA (m×m)

Ìàòðèöû U , V ÿâëÿþòñÿ îðòîãîíàëüíûìè, D � äèàãîíàëüíàÿ ìàòðèöà.
Ïðèìåíåíèÿ SVD:

� Íàèëó÷øåå íèçêîðàíãîâîå ïðèáëèæåíèå ìàòðèöû;

� Çàäà÷à óìåíüøåíèÿ ðàçìåðíîñòè (PCA);

� . . .

Ïñåâäîîáðàòíàÿ ìàòðèöà

Ìàòðèöà A+ ðàçìåðà m× n íàçûâàåòñÿ ïñåâäîîáðàòíîé ìàòðèöåé äëÿ ìàòðèöû A ðàç-
ìåðà n×m, åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì êðèòåðèÿì:

1. AA+A = A;

2. A+AA+ = A+;

3. AA+ � ñèììåòðè÷íàÿ ìàòðèöà;

4. A+A � ñèììåòðè÷íàÿ ìàòðèöà.

Àëüòåðíàòèâíîå îïðåäåëåíèå:

A+ = lim
δ→+0

(
ATA+ δI

)−1
AT = lim

δ→+0
AT
(
AAT + δI

)−1
.

Ïñåâäîîáðàòíàÿ ìàòðèöà ñóùåñòâóåò è åäèíñòâåííà. Åñëè ìàòðèöà A îáðàòèìà, òî
A+ = A−1.

Ïñåâäîîáðàòíóþ ìàòðèöó ìîæíî âû÷èñëèòü ÷åðåç SVD-ðàçëîæåíèå A = UDV T :

A+ = V D−1UT .
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Ìàòðè÷íîå äèôôåðåíöèðîâàíèå

Ðàññìîòðèì ïðîèçâîäíûå (ãðàäèåíòû) ôóíêöèé âèäà

� f : R→ R (ñêàëÿð);

� f : Rn → R (âåêòîð);

� f : R→ Rn (âåêòîð);

� f : R→ Rn×n (ìàòðèöà);

� f : Rn×n → R (ìàòðèöà);

� f : Rn → Rn (ìàòðèöà);

Íàïîìèíàíèå. Äèôôåðåíöèàë ôóíêöèè f(x) â òî÷êå x0 � ëèíåéíàÿ ôóíêöèÿ, òà-
êàÿ, ÷òî

dx0f(h) = f(x0 + h)− f(x0) + o(h).

Ôóíêöèÿ f(x) íàçûâàåòñÿ äèôôåðåíöèðóåìîé, åñëè ñóùåñòâóåò äèôôåðåíöèàë df(x).
Ñâÿçü äèôôåðåíöèàëà è ïðîèçâîäíîé (ãðàäèåíòà):

dx0f(h) = [∇f(x0)]
Th èëè ïèøóò ïðîùå: df(x) = [∇f(x)]Tdx.

Ñâÿçü ìàòðè÷íîãî äèôôåðåíöèàëà è ãðàäèåíòà:

df(X) = Tr([∇f(X)]TdX).

Ïðàâèëà ïðåîáðàçîâàíèÿ:

dA = 0

d(αX) = α(dX)

d(AXB) = A(dX)B

d(X + Y ) = dX + dY

d
(
XT
)

= (dX)T

d(XY ) = (dX)Y +X(dY )

d

(
X

φ

)
=
φdX − (dφ)X

φ2
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Íåñêîëüêî ñòàíäàðòíûõ äèôôåðåíöèàëîâ:

d
(
cTx
)

= cTdx

d
(
xTAx

)
= xT

(
A+ AT

)
dx

d
(
xTAx

)
= 2xTAdx

(
ecëè A = AT

)
d(Tr(X)) = Tr(dX)

d(det(X)) = det(X) Tr
(
X−1dX

)
d
(
X−1

)
= −X−1(dX)X−1

Îäíèì èç ñàìûõ âàæíûõ ÿâëÿåòñÿ ïðàâèëî ïðîèçâîäíîé êîìïîçèöèè. Ïóñòü g(Y ) è
f(X) � äâå äèôôåðåíöèðóìûå ôóíêöèè, è ìû çíàåì âûðàæåíèÿ äëÿ èõ äèôôåðåíöè-
àëîâ: dg(Y ) è df(X). ×òîáû ïîñ÷èòàòü ïðîèçâîäíóþ êîìïîçèöèè φ(X) := g(f(X)), êàê
è â ñêàëÿðíîì ñëó÷àå, íóæíî:

� âçÿòü âûðàæåíèå ïîñ÷èòàííîãî äèôôåðåíöèàëà dg(Y );

� ïîäñòàâèòü â íåãî âìåñòî Y çíà÷åíèå f(X), à âìåñòî dY çíà÷åíèå df(X).

Ïðèìåð 1. Ðàññìîòðèì ôóíêöèþ φ(x) := ln
(
xTAx

)
, ãäå A ∈ Sn++. Â äàííîì ñëó÷àå

g(y) := ln(y), dg(y) =
dy

y
; f(x) := xTAx, df(x) = 2xTAdx.

Ïîäñòàâëÿåì ôîðìàëüíî â dg(y) âìåñòî y âûðàæåíèå äëÿ f(x) = xTAx, à âìåñòî dy
âûðàæåíèå äëÿ df(x) = 2xTAdx, ïîëó÷àåì

dφ(x) =
2xTAdx

xTAx
.

Ïðèìåð 2. Íàéòè äèôôåðåíöèàë df(X), à òàêæå ãðàäèåíò ∇f(X) ôóíêöèè

f(X) := ln(det(X)),

çàäàííîé íà ìíîæåñòâå Sn++.
Ðåøåíèå. Íàéä¼ì äèôôåðåíöèàë:

df(X) = d(ln det(X)) =

{
d(ln(x)) =

dx

x

}
=
d(Det(X))

det(X)
=

det(X) Tr (X−1dX)

det(X)
= Tr

(
X−1dX

)
.

Çàìåòèì, ÷òî df(X) çàïèñàí â êàíîíè÷åñêîé ôîðìå df(X) = Tr(∇f(X)dX), ïîýòîìó,
∇f(X) = X−1.
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Ðåøåíèå çàäà÷è ëèíåéíîé ðåãðåññèè

Äàíà ìàòðèöà X ðàçìåðà n×d (n îáúåêòîâ, ó êàæäîãî d ÷èñëîâûõ ïðèçíàêîâ) è âåêòîð
y ðàçìåðà n (öåëåâûå ìåòêè). Íåîáõîäèìî íàéòè íàèëó÷øåå ëèíåéíîå ïðèáëèæåíèå y
êàê ôóíêöèè îò X (â ñìûñëå L2-íîðìû):

‖Xθ − y‖2 → min
θ
.

Ïðèðàâíÿåì ãðàäèåíò ôóíêöèè ê íóëþ:

∂‖Xθ − y‖2

∂θ
=
∂(Xθ − y)T (Xθ − y)

∂θ
=

∂θTXTXθ

∂θ
− ∂θTXTy

∂θ
− ∂yTXθ

∂θ
+
∂yTy

∂θ
=

2XTXθ − 2XTy = 0.

Íàõîäèì ðåøåíèå θ̂ = (XTX)−1XTy.

Çàäà÷à. Íàéäèòå ðåøåíèå çàäà÷è Ridge-ðåãðåññèè:

‖Xθ − y‖2 + λ‖θ‖2 → min
θ
.
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